The connection between Poincaré spheres for polarization and Gaussian beams is explored, focusing on the interpretation of elliptic polarization in terms of the isotropic 2-dimensional harmonic oscillator in Hamiltonian mechanics, its canonical quantization and semiclassical interpretation. This leads to the interpretation of structured Gaussian modes, the Hermite-Gaussian, Laguerre-Gaussian and Generalized Hermite-Laguerre Gaussian modes as eigenfunctions of operators corresponding to the classical constants of motion of the 2-dimensional oscillator, which acquire an extra significance as families of classical ellipses upon semiclassical quantization.
I. INTRODUCTION
There are many analogies between quantum mechanics and classical optical physics, not least because both involve the mathematical theory of waves including ideas such as Fourier transforms, cavity modes, etc. Since these concepts may appear more natural and fundamental in a quantum setting, wave optical phenomena are often presented in quantum mechanical terms, sometimes as special cases of their quantum mechanical counterparts, such as the interpretation of the bandwidth theorem by Heisenberg's uncertainty relations [1] , functions in Hilbert spaces representing quantum states and optical fields, and the free-space paraxial equation as Schrödinger's equation, with propagation distance as time. Even without the notion of photons and field quantization, wave mechanics underpin both wave optics and quantum mechanics.
Here, we take the opportunity to explore another such analogy: the connection between polarizationstates of elliptic polarization, as parametrized by Stokes parameters and the Poincaré sphere-and the analogous representations of high-order Gaussian laser modes, especially the celebrated Hermite-Gauss (HG) and Laguerre-Gauss (LG) mode sets. LG 10 a b polarization, and HG, LG as well as the less familiar 'Generalized Hermite-Laguerre-Gaussian' (GG) modes [2] [3] [4] , has been much explored over the last 25 years, following the important observation of the 'equivalence' of the Poincaré sphere for polarization and Gaussian modes of mode order unity by Padgett and Courtial [5] , as shown in Figure 1 . We will describe how this analogy emerges naturally, from interpreting polarization in terms of the Hamiltonian mechanics of an isotropic 2-dimensional (2D) oscillator, and Gaussian modes from its canonical quantization in terms of operators [6, 7] . The notion of angular momentum, both in the sense of the spin angular momentum encapsulated by the third Stokes parameter S 3 , and the orbital angular momentum operator of which the LG modes are eigenfunctions, plays a central role in this picture.
Many aspects of the story we tell have been described before in some detail, especially in [2] [3] [4] [8] [9] [10] ], although we draw stronger mathematical analogies between the classical Hamiltonian structure of the Poincaré sphere for polarization, its formal canonical quantization for Gaussian beams, and the semiclassical relationship between the two. The 'swings and roundabouts' nature of harmonic oscillator orbits underlies everything, especially the angular-momentum-carrying nature of circular orbits and
Laguerre-Gaussian modes [11] . Our exposition will be pedagogical, with the aim of making the material accessible to new entrants to the field, as well as giving new insight to more seasoned researchers.
It is tempting, but potentially misleading, to think of optical angular momentum of structured Gaussian beams directly in terms of three-dimensional quantum spin. In paraxial beams (as considered here), there is only one possible direction of spin or orbital angular momentum, namely the propagation direction, whereas more general quantum spins may be turning about any axis in three dimensions.
The analogy instead lies with the structure of different bases of representation. For polarization, this is any pair of orthogonal elliptic polarization states (e.g. linear horizontal and vertical, or right-and left-handed circular polarizations), and these basis states are parametrized by the Poincaré sphere [12] .
This sphere is analogous to the Bloch sphere for quantum spin 1/2, as for light beams with a fixed direction of propagation, the electric field must be transverse, and hence a complex superposition of left and right circular polarizations, or equivalently, vibrations in the x and y directions. Any pair of orthogonal polarizations (i.e. complex 2-dimensional Jones vectors) are antipodal on the Poincaré sphere, as we will discuss in Section II.
For orbital angular momentum, this will be described using bases of Gaussian laser modes-especially the HG and LG basis sets-whose linear relationship is similar to quantum spin bases with different directions of rotation. All of the discussion of Gaussian modes will be restricted to their amplitude distribution in the focal plane (z = 0), so a fundamental Gaussian beam has amplitude
, where w 0 represents the waist width of the beam [13] , and is normalized (its square, integrated over the plane, gives unity). This Gaussian has the same functional form as the ground state of a 2D quantum harmonic oscillator, which is justified physically [8, [13] [14] [15] in terms of the curved mirrors in the laser cavity having the effect on the paraxially-propagating wave, in the focal plane, of a harmonic potential.
Most laser cavities have residual astigmatism, breaking the cavity's pure axial symmetry; the HG modes (TEM modes) are higher-order modes of such cavities, given by
where H m , H n denote Hermite polynomials [16] , and m, n are nonnegative integers 0, 1, 2, . . . (the fundamental Gaussian being the case m = n = 0). HG modes are characterized by a nodal 'grid' as seen in Figure 2 (a), (b), and the function can be completely factorized into two functions, one depending on x (indexed by m) and one on y (indexed by n), and N = m + n is the mode order. transform of an HG beam is functionally the same as (1). On propagation, the modes acquire an N + 1-dependent Gouy phase factor; the intensity pattern of superpositions of modes with different N changes on propagation, although it does not for superpositions with the same N .
The study of optical orbital angular momentum is mainly based around the LG modes [11] , which are expressed in plane polar coordinates R, φ in the waist plane as
whose radial dependence is determined by the associated Laguerre polynomial L | | p [16] , p = 0, 1, 2, . . . and is a positive or negative integer 0, ±1, ±2, . . .. LG modes factorize into an R-dependent function times exp(i φ); this latter is an eigenfunction of the orbital angular momentum operator − i ∂ φ = − i(x∂ y − y∂ x ) with eigenvalue .
LG modes also occur as modes of laser cavities with mirrors with nonnegligible spherical aberration; due to residual astigmatism or localized cavity defects, there is a coupling of both signs of angular momentum, so the resulting LG cavity modes occur as the real and imaginary parts of (2), and so do not carry a sense of right-handed or left-handed angular momentum.
LG modes also form a complete basis, have the same functional form as their Fourier transform, and maintain their intensity pattern on propagation, as shown for the example LG 11 in Fig. 2 what is the connection with quantum spin and the Bloch sphere [17] .
In answering this question, we will make much of the 2-dimensional isotropic harmonic oscillator, using both classical Hamiltonian mechanics and its canonical quantization in quantum mechanics. Since all classical and quantum properties of this system are well-known, we simply have to identify these with the known properties of elliptic polarization and Gaussian beams. It is important to note that in this work, the classical picture is that of elliptic 'rays' parametrized by the Poincaré sphere, and the wave mechanical one the Gaussian beams (as eigenfunctions of certain natural operators). Although the language (and indeed the two-dimensional harmonic oscillator system) is suggestive of photons and quantum optics, all our classical, semiclassical and quantum discussion is between rays and waves.
In the next section, we will consider the Stokes parameters and Poincaré sphere, discussing historical approaches and the formulation in terms of the Hamiltonian mechanics of a 2D harmonic oscillator.
LG, HG and GG modes are considered in Section III as the eigenstates of operators naturally arising from the canonical quantization of the oscillator, and the connection is strengthened in Section IV, in which a semiclassical picture relating the 'classical' polarization sphere and the 'quantum' Gaussian mode sphere is described. Throughout, the rectilinear 'swinging' of linear polarization (and HG modes) contrasts with the 'roundabout' motion of circular polarization (and LG modes).
II. ELLIPTIC POLARIZATION: STOKES, POINCARÉ, GIBBS AND HAMILTON
Poincaré himself gave a succinct description of the Poincaré sphere, in [18] , par 157 p284, The sphere is a representation of the complex 2D Jones vector E = (E x , E y ); in the circular basis,
Ey . Poincaré effectively constructed the sphere by stereographically projecting E LH /E RH = tan(θ/2) exp(i φ), where θ, φ are spherical angles 0 ≤ θ ≤ π, and 0 ≤ 0 ≤ φ < 2π.
It is usually more convenient to define the Poincaré sphere using the Stokes parameters
The first column of equalities indicates how the Stokes parameters can be found by intensity measure- Although R C Jones is credited with developing the Jones calculus of 2D vectors and matrices in 1943 [19] , it was apparently J W Gibbs, in his original work on vectors privately published in 1884, who first identified E = (E x , E y )-which Gibbs called a 'bivector'-with a 'directional ellipse' [20] . (Most of the content of Gibbs' notes also appears in the final chapter of the book published later by Wilson [21] , with explicit application to elliptically polarized light.)
Gibbs wrote E ≡ q + i p, in terms of its real and imaginary parts, noting that multiplication by a phase factor should not alter the geometry of the complex vector. For our monochromatic polarization state (for simplicity with ω = 1), the physical, time-dependent electric vector is
q p ↵ Figure 3 . Gibbs' ellipse 'bivector' construction for E = q + i p. Both q and p lie on the ellipse, such that the velocity at q is parallel to p, and the velocity at p is parallel to −q. The angle of the major axis with the x-axis is α.
At t = 0, Q(0) = q, and its velocity (i.e. instantaneous linear momentum) isQ(0) = p (hence our choice of q + i p, rather than the often-seen p + i q [12] ). By elementary geometry, Q(t) traces out an ellipse as 0 ≤ t ≤ 2π. This construction is shown in Fig. 3 : the ellipse has a handedness (orientation) defined by the right-handed or left-handed rotation of the vector moving on the shorter arc from q to p. For any choice of t, the counterpart P (t) of Q(t) analogous to p to q is
The Stokes parameters can be rewritten in terms of q and p, or equivalently Q and P ,
In this form, the Stokes parameters are quantities in classical Hamiltonian mechanics with position Q and momentum P : the electric vector's motion is that of a 2D, isotropic harmonic oscillator with
Hamiltonian H = 1 2 S 0 , which is conserved in time -this agrees with a mechanical harmonic oscillator with mass and spring constant (and angular frequency) set to unity. The second column of equalities in 
The Hamiltonian dynamics of the 2D harmonic oscillator is extremely well understood [22] [23] [24] , and much follows from consideration of the Poisson bracket
where
These Poisson commutation relations between L, M, M therefore form an su(2) algebra [22, 24] The Hamiltonian formulation gives an insight into polarization geometry in terms of abstract phase space, which is 4-dimensional with coordinates (Q x , Q y , P x , P y ), and initial coordinates (q x , q y , p x , p y ).
All polarization vectors with the same intensity S 0 = 2H, that is the same value of the Hamiltonian, lie on a 3-sphere in 4-dimensional phase space,
The elliptic polarizations are all periodic orbits which are topologically circles: the 3-sphere is cut up (technically fibred) by these loops. The space which parametrizes these loops is of course the Poincaré sphere, where each point on the sphere s = (s 1 , s 2 , s 3 ) corresponds to a polarization state, that is, a loop in the 3-sphere. In fact, this is the celebrated Hopf fibration [25] , by which the 3-sphere is fibred by 1-spheres (circles) with base space the 2-sphere; the Stokes parameters (6) define a standard form for the Hopf map [26] . In this 3-sphere, a contour of constant S 1 (or S 2 or S 3 ) defines a 2-torus: fixing the value of all three (respecting S 2 0 = S 2 1 + S 2 2 + S 2 3 ) defines a single orbit along which three tori intersect. The rich structure of this Hamiltonian system comes from the fact that it is superintegrable [27] , with more independent constants of the motion (three) than there are classical degrees of freedom (two, the dimension of configuration space); there are even more symmetries in the 3D harmonic oscillator [23, 28] .
A feature of integrable systems is that they admit a reparametrization, by a suitable canonical transformation, to action-angle variable (whose generalized position coordinate is an angle χ, and generalized momentum I a constant of the motion). In the 2D isotropic harmonic oscillator, one set of action-angle coordinates is χ = t (0 ≤ t ≤ 2π), and I = H = 1 2 S 0 . Another pair of action-angle variables defines the particular elliptical orbit: the conjugate angular variable to angular momentum L is α, the angle between the x-axis and the major axis of the ellipse (Figure 3) . α is half the azimuthal angle about the vertical axis of the Poincaré sphere,
It is straightforward but tedious to show that the Poisson commutator satisfies {α, L} = 1, appropriate for conjugate variables. Rather than defining the polarization state by q and p, we can use the actionangle pairs H, t and L, α. The ellipse orientation α is the harmonic oscillator analogue to the Runge-Lenz vector for Keplerian orbits [22, 23] . Of course, this set up can be quantized directly to study the quantum polarization properties of photons. However, we instead are considering a different physical situation, that of the scalar behaviour of Gaussian laser modes in the focal plane, which nevertheless has strong mathematical analogies with this view of the Poincaré sphere, even if the physical relationship is not (yet) clear.
III. HG AND LG MODES AS EIGENFUNCTIONS OF THE 2D QUANTUM HARMONIC

OSCILLATOR
We have already stated that laser cavity modes in the focal plane are analogous to 2D quantum harmonic oscillator eigenfunctions. In fact, the HG modes (1) are exactly 2D quantum harmonic oscillator eigenstates (albeit with the convention that the usual width of a quantum oscillator w = w 0 / √ 2 for w 0 the optical focal beam waist); as in the previous section, we set our constants to be dimensionless, and the appropriate choice is w = 1, w 0 = 1/ √ 2. Having introduced the classical Hamiltonian formalism in the previous section, we can observe that the wave mechanics picture (i.e. "quantum mechanics") comes purely from canonical quantization, where observables H, L, M and M become operators on wavefunctions, and in configuration space, p → p = − i(∂ x , ∂ y ) (in our optical wave mechanics, we have no ). We defer the meaning of the quantization procedure (and, indeed, the significance to Gaussian beams of the classical harmonic oscillator) until later -the fact that HG and LG modes are eigenstates of the 2D quantum isotropic harmonic oscillator should be sufficient motivation to continue for now [29] .
The 2D harmonic oscillator is separable in Cartesian coordinates, since the quantum Hamiltonian
. Therefore there are eigenfunctions of H which factorise into functions of x and y (each 1D harmonic oscillator eigenfunctions), and of course these are the HG modes, for which (with our choice of dimensionless constants)
so the mode order N corresponds to the quantum harmonic oscillator's principal quantum number, and the quantum energy eigenvalue N + 1 is related to the total Gouy phase on propagation [8] .
In fact, we can consider the operator analogue of the classical quantity M , x and y) everywhere in the transverse plane, including at the origin, and the mode order N is the maximum power of R multiplying the Gaussian (equal to the sum of the degrees m + n of the Hermite polynomials). The argument of the Laguerre polynomial must be proportional to R 2 , since a polynomial with odd powers in R = x 2 + y 2 is not analytic at the origin, and increasing the polynomial degree by one (p → p + 1) changes the overall degree of the polynomial factor by 2, which must be compensated by an extra factor R 2 exp(±2 i φ). This argument justifying the separation between modes of even and odd azimuthal order holds for other modes expressed naturally in polar coordinates, such as Zernike functions used as a basis in a circular pupil [12] . been very important historically, and was used by Schwinger to derive properties of quantum angular momentum (such as Clebsch-Gordan coefficients) from known behaviour of quantum harmonic oscillators [30, 31] . This connection was also discussed explicitly by Danakas and Aravind in [2] , who described in detail the connection between HG and LG laser modes and the 2D quantum oscillator, although without the connections with the classical analogue.
LG and HG modes are therefore eigenfunctions of the operators L, M , and HG modes rotated by 
where d j m ,m (β) denotes the usual Wigner-d function [31] , and the extra factors of −1 and i are required to make the LG modes have the correct phases as the quantum spin states (i.e. imposing the CondonShortley convention). When α = 0, β = π/2, GG N,µ,0,π/2 = HG (N +µ)/2,(N −µ)/2 , as described by [2] .
Just as the HG modes can be thought of as the wave analogue of back-and-forth harmonic oscillator orbits, and LG modes the quantizations of circular orbits, these are the wave states corresponding to general elliptic polarization. However, there are no natural coordinates to express a GG beam, for general β -they can only be expressed as sums like (11) we do this, we explore the connection between the classical and quantum states further, by considering a hybrid, semiclassical picture which brings out further aspects of the connection.
IV. SEMICLASSICAL PICTURE OF THE POINCARÉ SPHERE FOR GAUSSIAN BEAMS
Having now considered the Hamiltonian dynamics of the 2D isotropic oscillator underlying the Poincaré sphere, and its canonical quantization to give operators whose eigenfunctions are HG, LG and GG beams, we ask whether there is a geometric way of visualizing this connection, or is the quantum notion simply abstract?
Semiclassical methods, connecting the classical and quantum approaches, are exact for harmonic oscillators, for instance Bohr-Sommerfeld quantization according to the integral of a pair of action-angle
where j is an integer (the right hand side should be multiplied by , but this is set to be unity here). Figure 6 (c), all with the same size (intensity), shape (angular momentum), but with varying α (major axis direction). The pattern is circularly symmetric, with two concentric circular caustics enveloping the ellipse family; these correspond semiclassically to LG modes, whose intensity patterns are concentric bright rings with a hole in the middle (unless = 0, in which case the ellipse family corresponds to straight lines (swinging orbits) of varying ).
In order to work mathematically with ellipse families such as this, it is useful to define a function F of x and y, parametrized by H and the point on the unit sphere u = (X, Y, Z), such that F = 0 is the equation for the corresponding ellipse on the Poincaré sphere (which is insensitive to the ellipse handedness). We start with the familiar equation for an ellipse, with semiaxes a and b, which satisfies
in terms of Cartesian coordinates x , y . If the major axis of the ellipse is oriented at α to the x-axis, x = x cos α+y sin α, y = y cos α−x sin α. Also, on the unit Poincaré sphere, 2α = φ = arctan(Y /X), in terms of the sphere's azimuthal angle and components of u. Therefore (13) can be rearranged to give
Now, the ellipse with semiaxes a and b, in x , y components, has E = (a, i b) exp(i t 0 ) for suitably chosen t 0 ; therefore it has Stokes parameters S 0 = 2H = a 2 + b 2 and S 3 = 2HZ = 2ab. Substituting appropriate expressions for H and Z in place of a and b in (14) gives
For fixed choice of H and u, F = 0 is the equation for an ellipse with axes
and major axis angle α = A similar argument follows for the quantization of states with definite M ; the quantization rules are the same, but now the curves are circles around the horizontal axis on the Poincaré sphere corresponding to M , with fixed X (Figure 6 (b) ). The family of ellipses swept out by this curve is bounded by a rectangle ( Figure 6 (e)), and the caustic curves are
This is the ellipse family for the HG modes, whose intensity pattern is a grid of horizontal and vertical lines.
The semiclassical picture of the GG modes is the same, as the relevant operator (a linear combination of the constants of motion operators) has the same spectrum as L and M : a GG mode corresponds to the circles centred around this direction on the Poincaré sphere ( Figure 6 (c) ). The caustic envelope of ellipses in this case ( Figure 6 (f) ), however, is more complicated, and does not correspond to the contours of a coordinate system in which the quantum wavefunction is separable, as indeed the GG beams are not, and must be written in superpositions of the form (11), rather than as separable products of functions in some coordinate system. This discussion has shown that the connection between the Poincaré sphere of classical harmonic oscillator orbits and Gaussian beams is best approached semiclassically, by associating Gaussian beams not with a single point on the sphere, but with a family of classical orbits on a circle whose axis is specified by the point on the sphere, and whose radius is determined by the Bohr-Sommerfeld condition, known to be exact for harmonic oscillators. The structure of the caustics of the ellipse family determine the structure of the Gaussian modes, and in particular are circular and rectangular for LG and HG beams.
The families of ellipses in Figure 6 A full discussion of separability of Gaussian wavepackets is beyond the scope of the present article, and can be approached by a reformulation of the mechanical problem in terms of the Hamilton-Jacobi equation. It has been proved [35, 36] that there are three coordinate systems in which the quantum 2D isotropic harmonic oscillator is separable: plane polar coordinates (giving the LG modes), Cartesian coordinates (giving the HG modes), and elliptic coordinates, giving the Ince-Gaussian modes [37, 38] (the latter is a family of coordinate systems, parametrized by the inter-focal distance f , smoothly interpolating between polar and Cartesian coordinates), which are products of Ince polynomials [36, 39] in elliptic coordinate variables. The underlying classical dynamics of the Ince-Gauss modes will be explored elsewhere; the corresponding classical constant of the motion is L 2 + gM for real parameter g, which is not a linear combination of the su(2) basis of the Poisson algebra, like the GG modes.
V. CONCLUDING REMARKS
We have explored the connection between the Poincaré spheres of polarization (classical isotropic 2D harmonic oscillators) and Gaussian laser beams; these connections were implicit in the work of Danakas and Aravind [2] , which also celebrates its 25th anniversary this year. We have also presented the viewpoint that the Poincaré sphere picture emerges from the 'swings and roundabouts' picture of the 2D oscillator, with linear orbits with momenta of unspecified sign, but circular orbits of definite sign, as emphasized for LG beams by [11] . By examination of the semiclassical connection between the classical and quantum pictures, we have seen that the 'Poincaré sphere' of Gaussian modes can be understood by families of ellipses on circles around this axis, with the circles fixed by a semiclassical quantization rule.
The familiarity to most contemporary physicists of the quantum mechanical formalism has allowed us to present these connections without explanation of the true underlying optical physics -mathematical procedures from quantum mechanics such as canonical quantization can be followed without physical understanding. One might be tempted to claim, especially in the light of the semiclassical picture, that the ellipses in question are 'rays', but how should elliptical rays be interpreted?
A natural explanation (which will not be further formalized here) is that a Gaussian beam in three dimensions are made up of a 2-parameter families of rays, crossing the focal plane at a definite position Q and with a definite inclination P . The ellipses Q(t) of (4) Hamiltonian (mode order) in x and y, etc); each elliptic 1-parameter ray family is given a phase, and the quantization condition required this phase must be singlevalued around the ellipse family.
Moving semiclassically from the ray picture to the wave picture involves decorating the caustics with appropriate diffraction catastrophes [40] -primarily Airy functions (and Pearcey functions in the case of Figure 6 (c))-and approximations involving diffraction catastrophe integrals improve as N becomes asymptotically large. Viewing the ellipses as contours of F implies the caustic construction has difficulty distinguishing the sign of angular momentum, but has no such difficulty for linear orbits -another distinction between swings and roundabouts. We will describe this construction in more detail elsewhere [41] .
Even ignoring these details, the analysis here shows the utility of the operator-based, 'Heisenberg picture' approach to optical beams [6] , where the wave forms of structured light are identified as eigenfunctions of certain operators, which commute with an overall 'Hamiltonian' operator such as the harmonic oscillator Hamiltonian for Gaussian beams, or minus the transverse Laplacian −∇ 2 ⊥ = −∂ 2 x −∂ 2 y for propagation-invariant beams. In this latter case, we see Bessel beams as eigenfunctions of the angular momentum operator L, and so on. In the limit N → ∞, Gaussian beams approach diffraction-free beams, so LG beams become Bessel beams in the limit p → ∞. For propagation-invariant beams, the counterpart of M is simply the difference of momenta p 2 x − p 2 y (i.e. there is no potential), and the eigenfunctions are standing wave patterns such as cos(k x x) sin(k y y), which is the appropriate limit of HG beams. In this picture, Mathieu beams [42] , the propagation-invariant beams separable in elliptic coordinates, are eigenfunctions of L 2 + g( p 2 x − p 2 y ) (for constant g) are the appropriate high-N limit of Ince-Gaussian beams. Diffraction-free beams which are eigenfunctions of L + g( p 2 x − p 2 y ), counterparts to GG beams, do not seem to have been discussed significantly in the literature; although there are various Poincaré sphere-like constructions, only for the Gaussian beams does the semiclassical structure and connection between classical and wave mechanical pictures extend so deeply.
In terms of operators, therefore, the HG, LG and GG beams are interrelated as eigenfunctions of a (ultimately, to the superintegrability of the 2D oscillator), meaning that the problem is separable in multiple coordinate systems. The 2D oscillator is an important example, as is the 3D hydrogen atom with a hidden SO(4) symmetry [23] , the extra classical constant of the motion being the Runge-Lenz vector (which Poisson commutes with the angular momentum vector), leading to the degeneracy of the quantum hydrogen atom, and its separability in both spherical polar coordinates and parabolic cylindrical coordinates [43] .
Unlike a harmonic potential, the diffraction-free Hamiltonian −∇ 2 ⊥ (with eigenvalues k 2 ⊥ ) commutes with more operators than the harmonic oscillator Hamiltonian, such as the linear momentum operator in some specific direction − i(k x ∂ x +k y ∂ y ), whose eigenfunctions are travelling plane waves exp(i k x x + i k y y), distinct from standing plane waves which are eigenfunctions of the counterparts of M , M . Families of propagation-invariant beams can be constructed as eigenfunctions of interpolations of linear momentum and angular momentum, such as the so-called pendulum beams [44] , which are eigenfunctions of L 2 − g p y , waves whose motion is a hybrid of standing circular and travelling linear motion, and have the special physical property of minimizing a certain natural angular momentum uncertainty relation [45] . Many beams in the menagerie of structured light modes can be formulated in this way, and it is likely that there will be many other new and interesting forms of structured light which emerge naturally from physically-interesting operators.
